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Introduction

Multistage stochastic programming problems belong to optimization problems
depending on a probability measure. Usually, the operator of mathematical expectation
appears in an objective function and, moreover, constraints set can depend on the
probability measure also. The multistage stochastic programming problems correspond
to applications (with an unneglected random element) that can be reasonably considered
with respect to some finite "discrete" (say (I,M);M >2) time interval and
simultaneously there exists a possibility to decompose them with respect to the
individual time points. Moreover, a decision, at every individual time point say k, can
depend only on the random elements realizations and the decisions to the time point
k —1 (we say that it must be nonanticipative).

Many applications of the multistage stochastic programs are known from the
literature. Let us recall some of them: Financial problems (see e.g. Dupacova — Hurt —
Stépan, 2002; Frauendorfer — Schiirle, 2000), melt control problem (see e.g. Dupacova
— Hurt — St&pan, 2002; Dupacova — Popela, 2005), power-station planning (see e.g.
Kuhn, 2005), power scheduling and hydro-thermal system control (see e¢.g. Nowak —
Romisch, 2000), energy problems (see e.g. Wallace — Fleten, 2003), transportation and
logistics problems (see e.g Powel — Topaglu, 2003), unemployment problem (see e.g.
Chovanec, 2004; Kankova — Chovanec, 2006). Some others can be found e.g. in King
(1988) and Prékopa (1995).

Evidently, to solve the multistage stochastic programs (generally) a complete
information on the “underlying" probability measure is necessary. However, this
assumption is fulfilled in real-life situation very seldom. An approximate probability
measure (caused e.g. by a contamination) is only known in many cases. Very often also
only some data are available instead of the “underlying" probability measure.
According to this fact, the stability (considered with respect to the probability measures
space) has been investigated in the stochastic programming literature many times.
Moreover, the stability properties are also very important for a construction of
approximate solution schemes.

In the paper, we focus on the analysis of the multistage stochastic programming
problems in which the random element follows an autoregressive sequence and the
constraints sets correspond to the individual probability constraints. It is known, that
just a development of many economic characteristics follows autoregressive sequences
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(see e.g. in the financial mathematics the development of the price of market index or
the price of bonds). From the mathematical point of view, this type of the development
of the random characteristics gives a possibility to obtain suitable properties of the
individual decomposed problems.

In spite of the fact that many applications of the multistage problems can be found
in the literature, this type of the problems belongs (from the numerical point of view) to
very complicated ones. They can practically be solved only approximately. In the
literature, there were introduced some approximation methods solution. We can recall
multistage version of the Bender’s algorithm (see e.g. Dupatovd — Hurt — Stépan,
2002), a scenario approach based on the Barycentric approximation (see e.g. Kuhn,
2005), aggregation technique (see e.g. Birge — Louveaux, 1997), a discretization based
on the stability results (see e.g. Katikova — Smid, 2004; Pflug, 2001; Smid, 2004), L -
shaped decomposition algorithm (see e.g. Ruszcynski, 2003). Some others can be found
in Ermoliev — Wets (1988), Wallace — Ziemba (2005). According to the difficulties of
the problem, the introduced models have been mostly linear with “deterministic"
constraints sets. We shall deal with the nonlinear model with the individual probability
constraints. Obviously, this case can cover more applications. However, we consider the
assumptions under which the considered problems can be transformed to the “classical"
(generally) nonlinear case with constraints sets given by a system of algebraic
inequalities. Moreover, we shall mention the assumptions under which the multistage
problem can be decomposed to the system of one-stage parametric problems.

Similar problems with the Markov type of dependence have been investigated in
Katikova — Smid (2004) and Kankova (2005). However, this paper tries to present more
detailed analysis of the problem and, moreover, the stability bounds (suggested on the
base of this paper) can be acceptable from the numerical point of view.

Mathematical Definition and Analysis

A general M -stage (M > 2) stochastic programming problem can be introduced
as an optimization problem with respect to some mathematical abstract space (say L »

space, p=1) or recursively as a system of parametric optimization problems

(considered with respect to the Euclidean space) with an inner type of dependence and
mathematical (mostly conditional) expectation in the objective functions of the
individual problems. The constraints sets can be determined by multifunctions
depending on the “underlying" probability measure.

It is known that (generally) the above mentioned two definitions of the multistage
stochastic programming problem are not equivalent. Some assumptions (under which)
the existence of the problem solution considered with respect to one definition
guarantees the existence of the problem solution, considered with respect to the next
definition, are introduced in Kuhn, (2005). Moreover, then the both optimal values are
the same. To this end, crucial assumptions are: “deterministic” (not depending on the
probability measure) constraints sets, a random element following an autoregressive

random sequence, Lp space considered for p =+o0 and an additive form of the

objective functions.
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To introduce the mathematical definition of the multistage stochastic programming

problem we employ a recursive approach. To this end let f’ =1,....,M denote an
s -dimensional random vector; F (z)), z/eR’,j =1, 2,...M denote the
distribution function of the & and FEE " 17,
z* e R, 7' e R*" k=2,..., M denote the conditional distribution function ( &*
conditioned by Ek_] ); é?k =[&,... & 75 =[Z',...2" ],z e R".

Let, furthermore, g, (x*,z") be a continuous function defined on R™ x R*™;
X*cR", k=1,2,..,M be a nonempty set; K" (x¥*,z"), k=1,...,M —1 be a
multifunction mapping R™ x R** into the space of subsets of R". ¥*=[x",...,x"],
x' eR", j=l..k YX'=X'xX*.xX* k=1,2,..,M. (R",n>1 denotes
an n —dimens1ona1 Euclidean space.)

A general M-stage stochastic programming problem (4/>2) can be then introduced
(see e.g. Birge (1988); Dupacova (1995); Kankova (2007); Kuhn (2005) or Prékopa
(1995)) in the form:

Find

o(F)=inf{E g (x',¢")|x" e X'}, (1)
where the function g, (x',z') is defined recursively

gF )_Ck’Ek —mf{E ey kg?—l()?kﬂ §k+1)| Kk+l _k’_k)}
k=1,...M -1, (2)
gr .2 = g G".zV

E A E PRI k=1,...M —1 denote the operators of mathematical expectation
FE T peE

k+1

corresponding to £ d (), F* e (-]z%). The multifunctions K" (x*,z%) are

supposed to be depending on the conditional probability measure,

KMEZY =KL G, k=l M-

Evidently, the “underlying" random element is completely determined by the
system of the conditional probability distribution functions

F={F{(z"), F¢ (7Y k=2,.,M). 3)
In this paper, we consider the multifunctions K?l xzk=1,..,M -1 ina
rather special case when there exist gf“()?k“),i:l,l..,s, k=12,...M -1

defined on R"**" and a €(0,1),i=1,...s,a =(a,,....,a,) such that
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KE' 26 K 24 @) =

ﬂ {xk+l c Xk+l “1‘51(7% {gk+l (_k+1) < §k+1} > a. } §k+l — (§1k+1,..., §f+l) (4)
i=1

and, moreover, when the following assumption A.1 is fulfilled

k . .
A.1 {&"},_ follows a nonlinear autoregressive sequence

g =H(E )+,
where §l,gk, k=1,2,... are stochastically independent (&* 2(81]‘ ,...,g‘f),
k =1,... identically distributed), H(z) is an s —dimensional Lipschitz vector function,
H=(H,,..,H,) defined on R’. We denote the distribution function corresponding
to &' by F*.
Furthermore, if we define in this case

k upi(@)=supP ,  {zf <&V 2a), k=1..,M,
o b R
ka (OZ[) = SupPE€ {Z[ < gi} 2 ai}’

then k Ja)=k . (@,)—H,(E"); Ff,i=1,...,s are one dimensional marginal

fk E

distribution functions corresponding to F“. According to the relation (4) and the
assumption A.1 we can obtain for k =1,...,M —1 that

Ki'(x.8h = ﬂ{x"“ X g G <k (@) + H(E) 5)

The multifunctions Kﬁ“ (x*, E k),k =1,...,M —1 are (under the assumption A.1)

determined by a system of algebraic inequalities. The problem introduced by (1), (2)
and (4) is then equivalent to the “classical" multistage stochastic programming problem.

However, since the constraints sets Kf;“ (x*,z") are practically determined by the
quantiles kFg (a,),i=1,...,s, new difficulties can arise everywhere, when the
distribution function F* is not completely known. Some difficulties can also arise by a
construction of the approximate solution schemes. We have to be (in the above

mentioned case) very careful. A small change on the right hand side of (5) can rapidly
change the probability of constraints fulfilling.

The objective functions of the decomposed problems in (1), (2)
gr (T2 =inflE .. .gr ' GLET A e KNG T
k=1..,M-1

(6)
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—k . o . kel Fh_ .
depends (for every &) on the conditional distribution function F ¢ =" determined

also for every value 5 = 75 by F°, k=1,...M —1. However, it follows from this
analysis, that decomposed problems (for every value of parameters and every k) are
completely determined by the distribution function F*. Consequently, the system F
is determined by the distributions functions F 51,F “If FOOF ¢ are replaced by
another s —dimensional distribution functions GS,GSE] then we obtain instead of the

system F another system
G={G* (z),G"¥ (" |z k=2,...,M} (7)

and a new multistage stochastic programming problem. We denote its optimal value by
the symbol @(G).

Furthermore, the following inequality has been proven in Kaitkova (2002) (see also
Katikova, 2005) for every x' € X'

Egh(<,&)-E_ gb (&)<

. 2,2 =2 . . 2,2 F2
|EF§I xzezi?(g,gl)EFfz‘f‘gF x58) Ega xzelgl(g‘,fl)EFfz‘fl g (el

E, inf E inf E .gi(x,&)-

5 21 _ 23z
GS XZEK[%(XI,él) FeE x3eK}(32,§2) F&E

E inf EFfz‘Ezgi‘ f3a ES) | +

Gfl 2 _ 2,1 gl Gafz\s‘l 3 131'172 z2
x eKg(x'.5) x'eKp (x%,E7)

(8)
| chl degl(fx\l Ay e (2 ) GEM g2
. M —M =M
M KM(lilJ\f/I‘J g_Mil EFfMEM?IgF (x ’5 )_
X" eKp X 5
E , inf ... inf E .-

G¢ xzeKé(xl,fl) Xéf[—leKé/lfl(fM—Z)EM—z) Gk

. _M _M
inf Egs’M\E'WI gélf (_X 9§ ) |

M —M-1 M
M EKGw x ’é

According to the last relations we can see that to evaluate the value
|@(F)—@(G)| it can be useful to investigate

—k+1

Engﬂ‘gk gj:-l ()?kﬂa é: ) -

. k+l o —k+1 Fh+l ©)
inf B L..gr GLENL k=1..M-1.

xk+l EKéH (f‘fl) G*°

Xk+l EKIIE_H (Ek,gk)
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However, it follows from the last relations that to evaluate the value (9) the well—

k+l 2k __k
known results achieved for one-stage problems can be employed with F' k= ,

e+l gk __
G* ¥ determined by F°,G*. To this end, it is necessary to find the assumptions
under which (for every available values x*, g k, Kf“ (%, E k), Ké” (%, g k) are

nonempty sets and, furthermore, to find the assumptions under which E -
F$ &

g (", 3 M) are finite Lipschitz functions (for more details see e.g. Kaiikova —
Houda (2002); Kankova — Houda, (2006a)).

Auxiliary Assertions

To recall some former results from one stage optimization theory, let
g/(x),i=L...,s be functions defined on R", v =(v,,..,v,) be s—dimensional

random vector with distribution functions G" and one-dimensional marginal
distribution functions G;,i=1,...,s; Otie<0,1>,i:1,...,s,§:(al,...,as). We

define the sets X N X v by the relations

X

F¢

X,.(@) ﬂ e X:g <k, (@)}

X, = X_,(@

ek

NixeX:gm <k, (@)
i=l1
(k.. (a;),i=1,...,s denotes the corresponding quantiles.)

Lemma 1. [Kankova, 2007] Let X ., X

- GV,X C R" be nonempty, compact

XGV c X. If,

moreover, for every x € X a finite EFé. g,(x,¢),E 80 (x,v) exist, then

sets, g, be a uniformly continuous function defined on X x R*; X J

[inf{E, . g,(x,&) | x € X, }—inf(E_ g,(x,v)| x€ X, } |<
’i)}'leFggo(X,g)_i;leGvgo(xaV) | + ‘ i)}'leGng(X,V) _gleGng(xav) | .

Evidently, it follows from Lemma 1 that if there exists H,, H, =20 such that
0T E,.g,(6) ~inf E,, g,(c1) | < H,

. . (10)
‘gleGvgo(xav)_l)gleGng(x5v) ‘ < Hz,

then |i}leFCgO(x,g)—i}leGng(x,V) |<H +H,.
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Lemma 2. [Kaiikova, 2007] Let PF.” ,i=1,...,s be absolutely continuous (with

respect to the Lebesgue measure on R]) probability measures, (we denote by 1 .

the corresponding probability densities). If for i€ {l,...,s} there exist constants

0,,8,.(@)>0suchthat f .(z)28,.(a) for [z, -k, ()|<26,

|Ff(z) -G/ (z) |0, 6<09.(@) for |z,—k, . (a)I<0,
then k_, (al.)e<kFE () -5k, (Oti)+ﬁ> and, moreover,
X, (@+6) « X, (a) < X (@-5), -
X . (@+6) < X (@) < X, (@-5), 6=(6,..9).

The following assertion follows immediately from the assertion of Lemma 2.

Corollary 1.
If the assumptions of Lemma 2 are fulfilled, k. (@) = (k,.()..., k,.(«,)),

koo (@) = g, (@,)...r Ko, (@), then

SO
9.(@)

HkFg (@)—k, (@H < (12)

Evidently, the assertion of Lemma 1 “decomposes” (from the mathematical point
of view) the stability of one—stage stochastic programming problems to the problems
with constraints depending on the “underlying" probability measure and to the problems
with a probability measure in the operator of mathematical expectation only. Lemma 2
and Corollary 1 can be useful for the investigation of “stability" of the constraints sets
or equivalently the corresponding multifunctions.

To investigate the stability of the problems in which probability measure appears in
the operator of mathematical expectation we employ the Wasserstein metric

dy (F°,G"):=d, (P.,FP,), P.,P, are probability measures corresponding to

Fs’

the distribution functions F'°,G". To this end let

M(R*)={PeP(R"): [|z|P(dz) <0},
F

P(R’) denotes the set of all Borel probability measures on R’,s >1, ” denotes a

suitable norm in R’ . If we set

dy (F°,G") = inf{ J-Hz —z|k(dzxdz):k € D(P,.,P.,),&,v e M(RS)} (13)
ROARS

then the Wasserstein metric will be completely determined by the norm |||| (for more
details see Rachev, (1991) and Vallender, (1973)). We denote by
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d, (P

> oP.):=dy (P.,P,) if || is L, normand d,, (P..,P..):=dy (P..,P,)
it

is L, norm. (D(P,.,F,) is the set of those probability measures in

P(R* x R") whose marginal distribution are PFG and PG,, )

Lemma 3. [Kaiikova — Houda, 2002, 2006a] Let(PF‘,,PG‘,)eM (R"). If for
every x€ X, g,(x,z) is a Lipschitz (with respect to L, norm) function of
zeR’,z=(z,...,z,), the Lipschitz constant L is not depending on x € X. If,

moreover, for every x € X afinite E_ g,(x,¢),E_, g,(x,V) exist, then
0 1B, 8(0.8)Ey gy (1)< L3 (P B,),

b) |E,.8(ne)~Egu)<LY [|F(z)-G(z)|dz for xeX.

i=l

The assertion a. (based on the L, norm) is only a little generalized well-known

result of Romisch — Schulz (1993) (see also Kankova — Houda, 2002). The assertion b.
(based on the L, norm) has been proven on Kaiikova — Houda (2006a). To obtain the
last assertion, the results of Valander (1973) have been employed. Evidently, the bound
determined by the assertion a. is suitable for a theoretical investigation, while, the

bound introduced by the assertion b. is more acceptable from the numerical point of
view.

Discussion and Conclusion

It follows from the relations (5) and (8) that to introduce an equivalent “classical"
multistage problem to the problem defined by (1) and (2), first, it is necessary to

determine the value of the quantiles k. (¢,),i =1,...,s. Evidently, this is relatively

easy in the case when F° is known. In the case when the values of the quantiles have
to be estimated from the empirical distribution functions, then the results presented in
Serfling (1980) can be employed to estimate an error of this approximation. However, if
we apply the results of the former section to the multistage problems, then a “quality"” of
the approximation depends, furthermore, on the H (in the assumption A.l1) and

g i=1,..,5,k+1,..,M —1 (the relation 4). Consequently, we have to be very

careful by a construction of approximative solution schemes. Some results about
approximation constraints set can be found in Kankova (1996). However, moreover,
solving multistage problem we have to state the assumptions under which the

constraints sets Kffl are nonempty. This problem is not yet completely solved (for
more details see e.g. Birge — Louveaus, (1997)).

Lemma 3 introduces the stability results for one—stage stochastic programming
problems in which probability measure appears in mathematical expectation while the
constraints set is “deterministic”. Applying, this results to the multistage case we can
employee the approach of Kaiikova — Smid (2004). However, in this case, we have to
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modify this approach with respect to constraints set depending on the probability
measure. Moreover, to verify the assumption on the functions g,lf. it can be more

complicated in this case. To this end the results of Kafkova (1998), Kaiikova — Smid
(2004) can be employed. To apply the assertion b. of Lemma 3 to the case of empirical
estimates we can employ new results of Kankova — Houda (2006a, 2006b) and based
on empirical processes. (for more details see e.g. Shorack — Wellner, 1986).

Consequently, theoretically it is possible to construct approximate solution
schemes with the former determined approximation error in the case of deterministic
approximate solution scheme; and with exponential rate of the convergence in the case
when empirical measure replaces the theoretical one. However, to present the
corresponding constructions is over the possibility of this paper.
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Autoregresni posloupnosti v tillohach vicestupiiového
stochastického programovani

Viasta Karnkova

Abstrakt

Ekonomické a socialni déje se vyvijeji v ¢ase pod vlivem ndhodnych faktort.
Kone¢ny pribéh procesu vsak vétSinou zavisi i na rozhodnutich, které provozovatel
béhem vyvoje voli v mezich stanovenych podminkami problému. Teorie vice-
stupniového stochastického programovani, stochastického dynamického programovani,
fizenych Markovovych procesi a v posledni dobé rychle se rozvijejici teorie
empirickych procest patfi k technikam, které provozovatel miize vyuzit pro kvalitni
rozhodnuti. Price je zaméfena na problematiku vicestupnového stochastického
programovani s individualnim pravdépodobnostnim omezenim a nahodnym faktorem
spliujicim podminky obecné nelinearni autoregresni posloupnosti.

Kli¢ova slova: ekonomické procesy; vicestupnové stochastické programovani;
autoregresni posloupnosti; individudlni pravdépodobnostni omezeni.

Multistage Stochastic Programming
via Autoregressive Sequences

Abstract

Economic activities developing over time are very often influenced simultaneously by
arandom factor (modeled mostly by a stochastic process) and a “decision” parameter
(that has to be chosen according to economic possibilities). Theory of multistage
stochastic programming, controlled Markov processes as well as empirical processes
can be employed to treat the economic processes. We focus on the multistage stochastic
problems with the individual probability constraints and random element following an
autoregressive (generally) nonlinear sequence.

Key words: economic processes; multistage stochastic programming; autoregressive
sequences, individual probability constraints.
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